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CHAPTER 2
Groups and group actions

1. Groups
Let tt be set and * a binary operation which combines each pair of elements X, y € tt to
give another element X * y € tt. Then (tt, *) is a group if the following conditions are satisfied.

Gpl: for all elements X, Y, Z € tt, (X * y) * Z=X % (Y * 2);
Gp2: there 1s an element ¢ € tt such that for every X € tt, 1 k X=X =X * 1;
Gp3: for every X € tt, there is a unique element y € tt such that X * y =z =Y * X,

Gpl 1s usually called the associativity law.  1s usually called the identity element of (tt, *). In
Gp3, the unique element Yy associated to X is called the inverse of X and is denoted X—'.

EXAMPLE 2.1. The following are examples of groups.

(HDtt=Z,s=+,1=0and X' = —x.
Q) tt=Q,* =+,1=0and X' = —X.
B) tt=R * =+, 1=0and x~' = —X.

EXAMPLE 2.2. Let n >0 be a natural number. Then (Z/n,+) is a group with

7 = On,

1

X— = —Xp = (_X)n

EXAMPLE 2.3. Let R = Q,R, & Thenyeach of these choices gives a group (GL(R), ¥) with

GL (R) = b :a,b,c,de R, ad—bcf=0 ,
2

c d
* =multiplication of matrices,
>z Z
10 —I
l—V01 =13
roox, 0 _d by
a b T ad_bc a
=1 c
c d _ ad-hc
ad —bc

EXAMPLE 2.4. Let X be a finite set and let Perm(X) be the set of all bijections f: X — X.
Then (Perm(X), o) is a group where

o = composition of functions,
1 = Idx = the identity function on X,

f-' = the inverse function of f.
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(Perm(X), o) is called the permutation group of X. We will study these and other examples
1n more detail.

If a group (tt, *) has a finite underlying set tt, then the number of elements in the ttis
called the order of tt, written |tt].

2. Permutation groups
We will follow the ideas of Example 2.4 and consider the standard set with n elements

n:{1,2,...,n}.
The Sn = Perm(n) is called the symmetric group on n objects or the symmetric group of degree
n or the permutation group on n objects.

THEOREM 2.5. Sn has order |Sn| = n!.

Proof. Defining an element ¢ € Sn is equivalent to specifying the list
o), o(2), ..., o(n)

consisting of the n numbers 1, 2, . . ., N taken in some order with no repetitions. To do this we
have

* N choices for o(1),
+ n — 1 choices for o(2) (taken from the remaining N — 1 elements),

+ and so on.
In all, this givesn X (n — 1) X - - + X 2 X 1 =n! choices for o, so |Sa| = Nn! as claimed. We will
often describe o using the notation

1 2 ... nZ%
o(l) o(2) ... o(n) . Q
EXAMPLE 2.6. The elements of S: are the following,
- > . > . P > . P >
123 1 23 1 2 3 1 23 1 23 123
123 " 231 312 132 7 321 213

We can calculate the composition 7 © ¢ of two permutations 7, ¢ € Sn, where 7o(K) =

7(o(K)). Notice that we apply o to K first then apply 7 to the result o(K). For example,
> > . > - > . > >

-1 2 3 123 123 1 23 123 1123
321 312 132 ’ 231 312 123
In particular,

- > . -1
1 23 123

2 31 312
Let X be a set with exactly n elements which we list in some order, Xi, X2, . . ., Xn. Then
there is an action of Sn on X given by

o+ Xk = Xg(k) (O‘ESn,k:LZ,...,n).

For example, if X = {A, B, C} we can take x1 = A, X2 = B, xs = C and so
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Often it 1s useful to display the effect of a permutation o: X —— X by indicating where
each element is sent by o with the aid of arrows. To do this we display the elements of X in
two similar rows with an arrow joining Xi in the first row to o(Xi) in the second. For example,

-A B
the permutation o = actingon X=A,B, C ?an be displayed as
B C A 1
A B C
N %C

We can compose permutations by composing zthe arrows. T%us

"ABC ABGC
CAB BCA

can be determined from the diagram

A B C
A >>i<<%
N N«

which gives the i1dentity function whose diagram is

3. The sign of a permutation

Let o € Sn and consider the arrow diagram of o as above. Let Co be the number of crossings of
arrows. The sign of o is thenumber

seno = (—1)% = 41 ifcois even,
D=1 ifcois odd.

Then sgn: S —— {+1, —1}. Notice that {+1, —1} is actually a group under multiplication.
PropPOSITION 2.7. The function sgn: Sn — {+1, —1} satisfies
sgn(zo) = sgn(z) sgn(o) (r,0 € Sn).

Proof. By considering the arrow diagram for zo obtained by joining the diagrams for o
and 7 , we see that the total number of crossings is Co + Cr . If we straighten out the paths
starting at each number in the top row, so that we change the total number of crossings by 2

each time. So (— 1)%*¢r = (—1)°m, Q
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A permutation o is called even if sgn o = 1, otherwise it is odd. The set of all even

permutations in Sn is denoted by An. Notice that ¢ € An and in fact the following result is
true.

PropPOSITION 2.8. The set An forms a group under composition.

Proof. By Proposition 2.7, if 6, T € An, then
sgn(zo) = sgn(r ) sgn(o) = 1.

Note also that z € An.
The arrow diagram for o—' is obtained from that for ¢ by interchanging the rows and
reversing all the arrows, so sgn o—' = sgn 0. Thus if ¢ € An, then sgn o—' = 1.
Hence, An 1s a group under composition. Q

An is called the n-th alternating group.

EXAMPLE 2.9. The elements of As are
- > . > . >
1 23 1 23 1 23

123 231 312
We will see later that |An| = |Sn|/2 = n!/2.

4. The cycle type of a permutation

Suppose o € Sn. Now carry out the following steps.

+ Form the sequence
l—=ol)— () — - =" 'DH—0")=1

where *(j) = a(6*~'(j)) and ri is the smallest positive power for which this is true.
+ Take the smallest number k: = 1,2,...,n for which k2 c'(1) for every t. Form the
sequence

k — ok) = (k) = + + - = 027l (k) = 02 (k) =k

where 12 1s the smallest positive power for which this is true.

t
+ Repeat this with ks = 1,2,..., n being the smallest number for which ks a'(k) for

every t.

Writing ki = 1, we end up with a collection of disjoint cycles

ki — ok) — ok) — - -+ — " k) = o (k) =k k
- ok) = k) — - -+ — 0?2 (k) = 2(k) =k

ka — o(ka) — o’(ka) — + + + — 097 1(ka) — 0" (Ka) = ka

in which every number k=1, 2, ..., h occurs in exactly one row.
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The s-th one of these cycles can be viewed as corresponding to the permutation of n which
behaves according to the action of o on the elements that appear as o'(Ks) and fix every other
element. We indicate this permutation using the cycle notation

(ks o(ks) * - - 6" (ks)).

Then we have
o=(kiok) " Ik)) - (KaoKa) - - - 9 (Ka)),
which is the disjoint cycle decomposition of o. It is unique apart from the order of the factors

and the order in which the numbers within each cycle occur.
For example, in Ss,

A2DGCH=2DHA3)=CHU2H=04A3H2D,
123)MH=C12)(D=C3 DM =MDA23)=MDG12D=DZ3D.

We usually leave out cycles of length 1, so for example (1 2 3)(1) = (1 2 3).

Recall that when performing elementary row operations (ERO’ s) on n X n matrices, one of
the types involves interchanging a pair of rows, say rows I and S, this operation is denoted by

Rr — Rs. The corresponding elementary matrix E(Rr — Rs) is obtained from the identity
matrix In by performing this operation. In fact, we can do a sequence of such operations to
obtain any permutation matrix Pos = [pjj], whose rows are obtained by applying the permutation
o € Shto those of In so that

0 1 ifj= o),

Pij = dogi)j = :
S0 ifj f= o(i).
For example, if n=3 and o = L23 , then
2 31
010
Pl="0 0 1
1 00

PrOPOSITION 2.10. For o € Sy, detPs = sgno.

A permutation € Sn which interchanges two elements of n and leaves the rest fixed is
called a transposition,

PropPOSITION 2.11. Let ¢ € Sn. Then there are transpositions ti,...,7« such that o =

Tt Tk

One way to decompose a permutation o into transpositions is to first decompose it into
disjoint cycles then use the easily checked formula

2.D (o) = (i ky) » o (i Bs)(in ).
EXAMPLE 2.12. Decompose
12 3 45%

o= Ss
25 3 14 €

into a product of transpositions.
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SOLUTION. We have
c=0B)1254)=(1254 =141 51 2).
Some alternative decompositions are

o= D2H2H=0G2DE DGD. Q

5. Symmetry groups
Let S be a set of points in R", where n=1, 2, 3, .. .. A symmetry of Sis a surjection
¢ : S —— S which preserves distances, L.e.,
lpa) — ¢v)| = la—v| (u,veS).
THEOREM 2.13. Let ¢ be a symmetry of S < R". Then

(a) ¢ is a bijection and ¢~' is also a symmetry of S;
(b) ¢ preserves distances between points and angles between lines joining points.

CorOLLARy 2.14. Let S < R". Then the set Sym(S) of all symmetries of S is a group
under composition.

EXAMPLE 2.15. Let T € R? be an equilateral triangle O with vertices A, B, C.
A

B C

Then a symmetry is defined once we know where the vertices go, hence there are as many

symmetries as permutations of the set {A, B, C}. Each symmetry can be described using
permutation notation and we obtain the 6 symmetries

- DI DI DI DI DI 2
A B C A B C A B C A B C A B C A B C

) ) ) )

A B C B C A C A B A C B C B A B A C
Therefore we have | Sym(O)| = 6.

EXAMPLE 2.16. Let S € R? be the square Q centred at the origin O with vertices at A(1, 1),

B(—1, 1), C(—1, =), D(1, — D).
B A

C D
Then a symmetry is defined by sending A to any one of the 4 vertices then choosing how to
send B to one of the 2 adjacent vertices. This gives a total of 4 X 2 = 8 such symmetries, thus

| Sym(Q)| = 8.
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Again we can describe symmetries in terms of their effect on the vertices. Here are the 8
elements of Sym(Q) described in permutation notation.

. > . > . > . >
Z_ABCD A B C D A B C D A B C D
_ABCDZ _B(:DAZ _CDABZ _DABCZ
A B C D A B C D A B C D A B C D
A DCB '’ D CB A’ CBAD' BADC

EXAMPLE 2.17. Let R € R? be the rectangle centred at the origin O with vertices at A(2, 1),
B(—2, 1), C(—2, —1), D2, — D).

B A

C D

A symmetry can send A to any of the vertices, and then the long edge AB must go to the longer

of the adjacent edges. This gives a total of 4 such symmetries, thus | Sym(R)| =4.
Again we can describe symmetries in terms of their effect on the vertices. Here are the 4

elements of Sym(R) described in permutation notation.

- z . DI z - 2
A B C D A B C D A B CD A B C D

' AB C D B AD C C DAB D CB A

Given a regular n-gon (i.e., a regular polygon with n sides all of the same length and n
vertices Vi, Va, ..., Vi) the symmetry group is the dihedral group of order 2n Dan, with elements

n_l 2 n_1
Lo o,..., a1, at, o7, ..., o't

where a® is an anticlockwise rotation through 2zk/n about the centre and 7 is a reflection in
the line through Vi and the centre. Moreover we have

lal =n, |t =2 tar=ao""' = a—".
In permutation notation this becomes
a=MV: + - - V),

but 7 1s more complicated to describe.
For example, if n = 6 we have

a= (Vl V> Vi Vi Vs V6), T = (Vz V6)(V3 Vs),

while if n =7
a= (Vi Vs Vs Vi Vs Vs Vo), 7= (Vo Vi)(Vs Ve)(Ve Vs).

We have seen that when n = 3, Sym(O) is the permutation group of the vertices and so Ds is
essentially the same group as Se.
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6. Subgroups and Lagrange’s Theorem
Let (tt, %) be a group and H € tt. Then H is a subgroup of tt if (H, *) is a group. In detail
this means that
- forx,y € H, x %y € H;
- 1€ H;
+ifz€ Hthenz-' € H.

We write H™ tt whenever H is a subgroup of ttand H < ttif H f=tt, i.e., H is a proper
subgroup of tt.

EXAMPLE 2.18. For n € Z*, An is a subgroup of Sn, i.e., An ™ Sp.

By Example 2.3, for each choice of R = Q, R, C, there is a group (GL2(R), *) with

3 b2 b2
GL2(R) = aC 3 :a,b,c,de R, ad—bcf=0 .
EXAMPLE 2.19. Let
Z 3 >
SL2(R)= aC Z :a,b,c,deR,ad—bc=1 < Gl (R).

Then SL2(R) is a subgroup of GL2(R), i.e., SL:(R) ™ GL:(R).
SOLUTION. This follows easily with aid of the three identities 5 5
r = z 2 1 d -b

b _ \ a b _ . Q
g =ad—bc; det(AB)=detAdetB; ad—bc —c a

det

o o

Let (tt, %) be a group. From now on, if X, y € tt we will write Xy for X * y. Also, forn € Z
we write
S x(x™hifn>0,

xX'= ifn=0,

S (xH" ifn<0.
Ifgett, S !

n

@ ={g:ne Z}ctt

is a subgroup of tt called the subgroup generated by g. This follows from the three equations
gmg"=g™"; =g @) =g

If (9) is finite and contains exactly n elements then g is said to have finite order |g| = n. If (g)
is infinite then g is said to have infinite order |g| = oo.

ProOPOSITION 2.20. If g € tt has finite order |g| then
lg| = min{m € Z*: m>0, g™ =}.
EXAMPLE 2.21. In the group Sn the cyclic permutation (i i» -+ ir) of length r has order
|(iniy - - i) =T,
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SOLUTION. Setting o = (i i, +++ 1r), we have

Tie ifk<r,
O'k(l): Ik-1 if r

| ifk=r,
hence |a| ™ r. Asik f=1for 1 <k ™r, r is the smallest such power which is z, hence |e| =r. Q

So for example, [(1 2)| =2, [(123)] =3 and (1 2 3 4)| = 4. But notice that the product
(1 2)(3 4 5) satisfies

(12)B45)Y=02B45(12)345 =354,
hence [(1 2)(3 4 5)| = 6. On the other hand, the product (1 2)(2 3 4) satisfies
(ADR3IHY=02DC3HA D234 =132

so [12)B345] =113)24]| =2.
A group (tt, *) is called cyclic if there is an element ¢ € tt such that tt = (c); such a € is
called a generator of tt. Notice that for such a group, |tt| = |c|.

EXAMPLE 2.22. The group (Z,+) is cyclic of infinite order with generators *1.

EXAMPLE 2.23. If 0 < n € N, then the group (Z/n,+) is cyclic of finite order n. Two
generators are *1n € Z/N. More generally, tn is a generator if and only if ged(t,n) = 1.

SOLUTION. We have that foreachk € Z, k = £(1+ 1+ -+ 1) (with £k summands). From
this we see that +1n are obvious generators and so Z/n = (+1n).
If ged(t,n) = 1, then by Theorem 1.9, there is an integer U such that ut = 1. Hence 1n € (tn)

and so Z/n = (tn).
Conversely, if Z/n = (t») then for some k € No we have 1 = 1+ +1 (with kK summands) and
so kt = 1, hence kt+An = 1 for some A € Z. But this implies ged(t, n) | 1, hence ged(t, n) =1. Q

The Euler ¢-function ¢ : Z* —— No is defined by
#(n) =number of generators of Z/n
=number of elements tn € Z/n with gcd(t, n) = 1.

In order to state some properties of ¢, we need to introduce some notation. For a posAi-tive
natural number nand a function f defined on the positive natural numbers, the symbol f(d)

din
denotes the sum of all the numbers f(d) where d ranges over all the positive integer divisors of
N, including 1 and n. For example,

=
fd) =11 +fQQ) + fQ3) + f(6).
dl6

THEOREM 2.24. The Euler function ¢ enjoys the following properties:
(@) (1) = 1;
(b) if gcd(m, n) = 1 then ¢(mn) = g(M)g(n);
(¢) ifp is a prime and r “1 then ¢&") = (p — Dp'~".
(d) foranon-zeronaturalnumbern,  ¢(d)=n.
din
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For example,

$(120) = ¢(8 - 3 - 5) = (8)(3)$(5) = p2)P(3)p(5) = 2" - 2 - 4=2"=32.

The next result is actually a consequence of Lagrange’s Theorem which follows immediately
after it and 1s of great importance in the study of finite groups.

PrOPOSITION 2.25. Let tt be a finite group and let g € tt. Then g has finite order and |g|
divides |tt|.

THEOREM 2.26 (Lagrange’ s Theorem). Let (tt, ¥) be a finite group and H ™ tt. Then |H|
divides |tt|.

Proof. The idea is to divide up tt into disjoint subsets of size H. We do this by defining
for each x € tt the left coset of x with respect to H,

xH={g € tt:x-'g € H} ={g € tt: g = xh for some h €H}.

We need the following facts.

1) Forx,y e tt, xHN yH f= @ <= xH =yH.

This is seen as follows. If XH = yH then xH N yH f= 0. Conversely, suppose that XH N yH f=0
If yh € xH for some h € H, then x-'yh € H. Fork € H,

x—'yk = (x~'yh)(h-'k),

which is in H since x-'yh, h-'k € H and H is a subgroup of tt. Hence yH < xH. Repeating
this argument with X and Y interchanged we also see that XH < yH. Combining these inclusions
we obtain XH = yH.

11) Foreach g € tt, |[gH| = |H|.

If gh = gk for h, k € H then g—'(gh)= g-'(gk) and so h = k. Thus there is a bijection

0:H-——gH; 6(h)=gh,

which implies that the sets H and gH have the same number of elements.

Thus every element g € tt lies in exactly one such coset gH. Thus tt is the union of these
disjoint cosets which all have size H. Denoting the number of these cosets by [tt : H] we have

tt] = IHIte: H]. aQ

The number [tt : H] of cosets of H in tt is called the index of H in tt. The set of all cosets
of H in tt is denoted tt/H, i.e.,

tt/H = {gH : g € tt}.
COTrOLLARy 2.27. If tt is a finite group and H ™ tt, then |tt| = |H||[tt/H| = [H|[tt : H].

Proposition 2.25 now follows easily by taking H = (g) and using the fact that |g| = |H|.
This allows us to give a promised proof of a number theoretic result, the Primitive Element
Theorem 1.27. Indeed the following generalisation is true.

THEOREM 2.28. Let tt be a group of finite order n = |tt| and suppose that for each divisor
d of n there are at most d elements of tt satisfying x* = 1. Then tt is cyclic and so abelian.
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Proof. Let 8(d) denote the number of elements in tt of order d. By Proposition2.25,
6(d) = 0 unless d divides |tt]. Since

C
tt= {gett:|gl =d}

dl|tt]
we have =
Itt] = o).
di|tt]
By Theorem 2.24(d), we also have =
Itt] = ¢(d).
df|tt]
Combining these we obtain
> >
2.2) #(d)y=  O(d).
dl|tt] dlltt|

We will show that for each divisor d of [tt], () ™ ¢(d). For each such d of [tt|, we have
o) “ 0. If 6(d) = 0 then 6(d) < ¢(d), since the latter is positive. So suppose that &(d) > 0,

hence there is an element a € tt of order d. In fact, the distinct powers : = a’, a, &’, .. ., a%'
are all solutions of the equation X¢ = 7 and indeed, by assumption on tt, they must be the only

such solutions since there are d of them. But now an elemegt a“ € (@) with k =0,1,2,...,d—1
has order d precisely if gcd(d, k) = 1 since this requires a :Ea and so for some u Z, uk( 1) %
which happens precisely when ged(d, k) = 1 as we know from Theorem 1.9. By the definition
of @, there are ¢(d) of such elements in (a), hence 6(d) = #(d). Thus we have shown that inall
cases 6(d) ™ ¢(d).

Notice that if 6(d) < #(d) for some d dividing |tt|, this would give a Strict inequality in
place of Equation (2.2). Hence we must always have 6(d) = ¢(d). In particular, there are ¢(n)

elements of order n, hence there must be an element of order n, so ttis cyclic. Q

Taking tt = Up, the group of invertible elements of Z/p under multiplication, we obtain
Theorem 1.27.

7. Group actions

If X is a set and (tt, *) then a (group) action of (tt, *) on X is a rule which assigns to each
g € ttand X € X and element gx € X so that the following conditions are satisfied.
GpAc1Forallg, g: € ttand X € X, (g * Qo)X = 0:1(9:X).
GpAc2 Forx € X, ix = X,

Thus each g € tt can be viewed as acting as a permutation of X.

EXAMPLE 2.29. Lettt ™ S, and let X = n. For ¢ € tt and k € n let ok = o(k). This
defines an action of (tt, o) on n.

EXAMPLE 2.30. Let X € R" and let tt ™ Sym(X) be a subgroup of the symmetry group of
X. For ¢ € tt and X € X, let ¢x = ¢(X). This defines an action of (tt, o) on X.

Suppose we have an action of a group (tt, *) on a set X. For X € X, the stabilizer of X is

Stabu(X) = {g € tt: gx = x} < t,
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and the orbit of X is
Orbu(x) ={gx : g € tt} < X.
Notice that X = zx, so X € Orbw(X) and 7 € Stabu(X). Thus Stabu(X) 0 and Orbu(X) f= 0.

THEOREM 2.31. For each X,y € X,
(a) Stabu(X) ™ tt;
(b) y € Orbu(X) if and only if x € Orbu(y);
@)y € Orbu(x) if and only if Orbu(y) = Orbu(X).

Proof.

a) If g1, g2 € Stabw(X) then by GpActl,
(g1 * g2)X = gi(geX) = giX = X.
By GpAct2, ix = X, hence 1 € Stabu(X). Finally, if g € Stabw(X) then by GpActl and GpAct?2,
g-'x=9g"'(@0 = (g * gx=1wx=X,

hence g-' € Stabu(X). So Stabu(x) ™ tt.
b) If y € Orbu(X), then y = gx for some g € tt. Hence X = (g~ * g)x = g—'(gx) = g—'y and
so X € Orbw(Y). The converse 1s similar.
¢) If y € Orbu(X) then by (b), X € Orbu(y) and so X = Ky for some kK € tt. Hence if g € tt,
gx = g(ky) = (g * k)y € Orbu(y) and so Orba(X) S Orbu(y). By (b), X € Orbu(y) and so we
also have Orbu(y) S Orbu(X). This gives Orbu(y) = Orbu(X).

Conversely, if Orbu(y) = Orbu(X) then Y € Orbu(y) = Orbu(X). Q

EXAMPLE 2.32. Let X = Q be the square with vertices A, B,C,D and let tt = Sym(Q).
Determine Stabu(X) and Orbu(X) where
(a) X1is the vertex A;
(b) X 1s the midpoint M of AB;
(c) x1is the point P on AB where AP : PB =1 : 3.

SOLUTION. Recall Example 2.16. We will write permutations of the vertices in cycle nota-
tion.
a) We have

Stabu(A) = {z, (B D)}.
Also, every vertex can be obtained from A by applying a suitable symmetry, hence

Orbu(X) = {A, B, C, D}.

b) A symmetry ¢ fixes the midpoint of AB if and only if it maps this edge to itself. The
symmetries doing this have one of the effects ¢(A) = A, ¢(B) = B or ¢(A) = B, ¢(B) = A.
Thus

Stabe(M ) = {z, (A B)(C D)}.
Also, we can arrange to send A to any other vertex and B to either of the adjacent vertices of
the image of A, hence the orbit of M consists of the set of 4 midpoints of edges.
c) A symmetry ¢ can only fix P if it sends A to a vertex Al say, and B to a vertex B/ with
AP : PBJ =1 :3 and this is only possible if A= A and B’ = B, hence ¢ must also fix A, B.
So Stabw(P) = {z}. On the other hand, since we can select a symmetry to send A to any
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other vertex and B to either of the adjacent vertices to the image, P can be sent to any of the
points Q which cut an edge in the ratio 1 : 3. So the orbit of P is the set consisting of these 8

points. Q

THEOREM 2.33 (Orbit-Stabilizer Theorem). Let (tt, *) act on X. Then for x € X there is
a bijection F: tt/ Stabu(X) — Orbu(X) between the set of cosets of Stabw(X) in tt and the

orbit of X, defined by F (g Stabw(X)) = gX. Moreover we have
F((t * g) Stabu(X)) = tF (g Stabu(X))  (t € tt).

Proof. We begin by checking that F is well defined. If g1 Stabu(X) = @2 Stabu(X), then
g g, € Stabu(x) and
gx = g((g7 ' 9% = (997 'g)x = gx.
Hence F 1s well defined.
Notice that gx = kx if and only if (g—'k)X = X, i.e., g—'k € Stabw(X) which means that
g Stabu(X) = kK Stabu(X).

So F 1s an injection. Also, every Y € Orbu(X) has the form tx = F (t Stabu(X)) for some t € tt,
which shows that F is surjective.

The final equation property is a consequence of the definition of F. Q
CorOLLARy 2.34. If tt is finite then for each X € X,
o
| Orbe™)| = :
| S‘[abtt(X)|
Proof. This follows from Corollary 2.27. Q

The sizes of the orbits in Example 2.32 can be found using this result.

THEOREM 2.35. The orbits of an action of (tt, ¥) on X decompose X into a union of disjoint
subsets, r
X = u.
U an orbit

CorOLLARy 2.36. If X is finite then
>
IX| = U |.

U an orbit

In these results, each orbit U has the form Orbu(Xu ) for some element Xu € X. Moreover,
if tt is finite, then
B 4
U | = [t : Stabe (XU )] = u

, | Stabu(xu)|
The formula in Corollary 2.36 becomes the orﬁt—stablllzer equation:
2.3) IX| = —
| Stabtt(xu )|

U an orbit
If there is only one orbit, then the action is said to be transitive, and in this case, for any X € X
we have X = Orbu(X) and |X| = [tt|//] Stabuw(X)].
Given an action of (tt, %) on X, another useful idea is that of the fixed point set or fixed set
of an element g € tt,
Fixu(g) = {x € X: gx = x}.
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Fixw(Q) is also often denoted X9.

THEOREM 2.37 (Burnside Formula). If (tt, x) a%s on X with tt and X finite, then

number of orbits :_1 | Fixtt(g)l .
|tt|
gett
Proof. The right hand side of the formula is
= > =

1 | 1
| Fix ol = 1

tt
|tt] gett ] gEtt xEFF (g)
1

xeXgeStabG(X)
1 =
="t | Stabte(x)|
xeX =
:|_t1t| IUT - | Stabu(x) | (by Corollary 2.34)

U = OrbdX)
an orbit
1 -
=" |t

tt| .
i an orbit
1

U an orbit

|
= number of orbits. Q
EXAMPLE 2.38. Let X ={1,2,3,4} and let tt ™ S. be the subgroup
tt={s (12,34, (1 2)3 M}

acting on X in the obvious way. How many orbits does this action have?

SOLUTION. Here [tt] =4 = [X|. Furthermore we have

Fixe(d) = X, Fixu((12)) =1{3,4}, Fixe((34) =1{1,2}, Fixae((12)(34) =70.

The Burnside Formula gives

number of orbits= E 4+2+2+0) = § = 2.
4 4

So there are 2 orbits, namely {1, 2} and {3, 4}. Q

EXAMPLE 2.39. Let X = {1,2,3,4,5,6} and let tt = ((123)(45) ™ S be the cyclic
subgroup acting on X in the obvious way. How many orbits does this action have?

SOLUTION. Here [tt] =6 and |X| = 6. The elements of tt are
,(123)45,(132),5),023),324)5).
The fixed sets of these are

Fixa(2) = X, Fixu((123)(45)) = Fixu((132)(4 5)) ={6},
Fixe((45)) ={1,2,3,6}, Fixe((123)) = Fixe((132)) ={4,5, 6}.
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By the Burnside Formula,

1 18
numberoforbits:6(6+1+3+4+3+1):€:3.

So there are 3 orbits, namely {1, 2, 3}, {4, 5} and {6}. Q

EXAMPLE 2.40. A dinner party of seven people is to sit around a circular table with seven
seats. How many distinguishable ways are there to do this if there is to be no ‘head of table’ ?

SOLUTION. View the seven places as numbered 1 to 7. There are 7! ways to arrange the

diners in these places. Take X to be the set of all possible such arrangements, so |X| = 7!.
Regard two such arrangements as indistinguishable if one is obtained from the other by a
rotation of the diners around the places. Clearly there are 7 such rotations, each involving
everyone moving K seats to the right for some k = 0,1,...,6. Let a denote the rotation
corresponding to everyone moving one seat to the right. Then to get everyone to move K seats
we repeatedly apply o K times in all, i.e., a*. This suggests we should consider the group

2 3 4 5 6
tt={s, o, o, o, a', o, a}

consisting of all of these operations, with composition as the binary operation. This provides
an action of tt on X.
The number of indistinguishable seating plans is the number of orbits under this action,

ie., | =

gett
Notice that apart from the identity element, no rotation can fix any arrangement, so when ¢ f=
1, Fix«(9) = 0, while Fixw(z) = X. Hence the number of indistinguishable seating plans is 7!/7
=6!=720. Q

EXAMPLE 2.41. Find the number of distinguishable ways there are to colour the edges of
an equilateral triangle using four different colours, where each colour can be used on more than
one edge.

SOLUTION. Let X be the set of all possible such colourings of the equilateral triangle ABC
whose symmetry group is tt = Ss, which we view as the permutation group of {A, B, C}; hence
[tt] = 6. Also |X| = 4" = 64 since each edge can be coloured in 4 ways. tt acts on X in the
obvious way. A pair of colourings is indistinguishable precisely if they are in the same orbit.

By the Burnside formula, the number of distinguishable colourings is given by
=

number of orbits = é | Fixtt(o)].

octt
The fixed sets of elements of the various cycle types in tt are as follows.

Identity element z: Fixu(z) = X, | Fixu()| = 64.

3-cycles (i.e., o = (AB C), (AC B)): these give rotations and can only fix a colouring that has
all sides the same colour, hence | Fixu(o)| = 4.

2-cycles (i.e., o = (AB), (AC), (B C)): each of these gives a reflection in a line through a vertex
and the midpoint of the opposite edge. For example, (AB) fixes C and interchanges the edges
AC, BC, it will therefore fix any colouring that has these edges the same colour. There are

4 X 4 =16 of these, so | Fixu((AB))| = 16. Similarly for the other 2-cycles.

45



www.rejinpaul.com

By the Burnside formula,
1 120

number of distinguishable colourings = 6 64+2X4+3X16)= ? = 20. Q
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Problem Set 2

2-1. Which of the following pairs (tt, *) forms a group?

@ tt={xe Z:xf=0} * =X
b tt={xe Q:xf=0} * =X,
2z Q Zf 3
a b
© tt= a,beRa+b =1, * = multiplication of matrices;
—ba
53 3
(@ tt = : _ W, cz,we G, z)2+ w2 =1 * = multiplication of matrices;
—W_ Z
DI 3
© ab e .
tt = c d ca,b,c,de Z,ad — bef=0 * = multiplication of matrices;
DI 3
(f) ab
tt = c 4 a,b,c,de Z,ad—bc=1 , * = multiplication of matrices;
(2
tt={¢ € Sn:g(n) =n}, * = composition of functions.

2-2. For each of the following permutations in Ss, determine its sign and decompose it into
disjoint cycles:
- > - > - >
123456 1 23 456 123456

342561 = 64192 7T 341625
2-3. Find the orders of the symmetry groups of the following geometric objects, and in each
case try to describe the symmetry groups as groups of permutations:
a) a regular pentagon;
b) a regular hexagon;
¢) a regular hexagon with vertices alternately coloured red and green;
d) a regular hexagon with edges alternately coloured red and green;
e) a cube;
f) a cube with the pairs of opposite faces coloured red, green and blue respectively.

2-4. [Challenge question.] Suppose Tet is a regular tetrahedron with vertices A, B, C, D.

a) Show that the symmetry group Sym(Tet) of Tet can be identified with the symmetric group
S: which acts by permuting the vertices.

b) For each pair of distinct vertices P, Q, how many symmetries map the edge PQ into itself?
Show that these symmetries form a group.

¢) Find a geometric interpretation of the alternating group As acting as symmetries of Tet.

2-5. In each of the following groups (tt, ) decide whether the subset H is a subgroup of tt and
when it 18, decide whether it 1s cyclic.

tt={xe Q:xf=0}L H={xett: x>0}, x = x;
btt={xe Q:xf=0}L H={xett:x<0}, x = X;
ott={xe Q:xf=0}, H={xett:x =1}, * = x;
Dtt={xe C:xf=0L H={xett:x4=1}, *x = X;

ott={ze C:zf=0L H={z e tt: |z] < 0}, * = X;

)
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Z 2 2
ptt= -V zweC lzP+IwP=1 ,H={Actt:|A| < oo},
* = matgiz_mvl\glg';hcation; > . b3 22
o) tt = 2 Z rabcdeR ad—bcf=0 H- Act:-A=

* = matrix multiplication;
h) tt=Sym(Q), H = the subset of rotations in tt, * = composition of functions.

2-6. Using Lagrange’ s Theorem, find all possible orders of elements of each of the following
groups and decide whether there are indeed elements of those orders:

216, S5, As, Si, Ay, Ds, Do,

2-7. [Challenge question] Let tt be a group. Show that each of the following subsets of ttis a
subgroup:
(a) Cu(X) ={c € tt: cx = xc}, where X € tt is any element;
(b) Z(tt) ={c € tt: cg = gc for all g € tt};
©) Ne(H)={n € tt : foreveryh € H, nhn-' € H, and n-'hn € H}, where H ™ tt is
any subgroup.

2-8. Using Lagrange’” s Theorem, find all subgroups of each of the groups
2/6, Ss, As, 84, A4, Ds, Do.

2-9. Let tt = S: and let X denote the set consisting of all subsets of 4 ={1, 2, 3, 4}. Foro € S.
and U € X, let
ocU={o(u)e X:ue U}
a) Show that this defines an action of tt on X.
b) For each of the following elements U of X, find Orbu(U ) and Stabu(U ):

®1 {1}1 {112}Y {11213}1 {1121314}'
¢) For each of the following elements of tt find Fixu(Q):

L, (12),(123),(1234),12)34.

2-10. Let tt = GL2(R) be the group of 2X 2 invertible real matrices under matrix multiplication
and let X = R? be the set of all real column vectors of length 2. For A € ttand x € X let Ax
be the usual product.

a) Show that this defines an action of tt on X.

b) Find the orbit and stabilizer of each the following vectors:

22 22 22 22
0 1 0 1
0011

¢) Por each of the following matrices A find Fixu(A):
3 z X > X z X T X XX b3

11 11 2 0 sinf cos@®  cos® —sinf 01 u 0
01 05 0 -3 cos@ —sin@ sin@ cos® 10 0 u
where 0, u € R with u f=0.
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2-11. [Challenge question] Using the same group tt = GL.(R) and notation as in the previous
question, let Y denote the set of all lines through the origin in R2. For A € ttand L € Y, let

AL ={Ax € R?: x €L}.

a) Show that AL is always a line and that this defines an action of tton Y .
b) For each of the following vectors v find the line Lv through the origin containing it and find
the orbit and stabilizer of Lv: SY 5SS ST

¢) For each of the matrices A in (c) of tHe Qreoiogs é]ue_stion, find Fixw(A) for this action.

0 1 1

2-12. Let tt = Sym(Tet) be the symmetry group of the regular tetrahedron Tet with vertices
A, B, C, D. Let X denote the set of edges of Tet. For ¢ € tt and E € X let

PFE ={p(P) € Tet: P € E}.

a) Show that ¢F is an edge and that this defines an action of tt on X.
b) Find Orbw(E) and Stabu(E) for the edge AB.
¢) For each of the following elements of tt find Fixu(Q):

1, (AB), (AB C), (AB C D), (AB)(C D).

2-13. Let X=1{1,2,3,4,5,6,7,8Yand tt=((1 2 34 5 6)(7 8)) be the cyclic subgroup of S
acting on X in the obvious way. How many orbits does this action of tt have?

2-14. How many distinguishable 5-bead circular necklaces can be made where each bead has
to be a different colour chosen from 5 colours? Here two such necklaces are deemed to be
indistinguishable if one can be obtained from the other by a combination of rotations and flips.
What if the number of colours used 1s 6? 77 8?

What if we only allow rotations between indistinguishable necklaces?

2-15. How many distinguishable regular tetrahedral dice can be made where each face has one
of the numbers 1,2,3,4 on 1t? Here two such dice are deemed to be indistinguishable if one can
be obtained from the other by a rotation.

What about if we allow arbitrary symmetries between indistinguishable such dice?
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CHAPTER 3
Arithmetic functions

1. Deftnition and examples of arithmetic functions

Let Z" = No —{0} be the set of positive integers. A function y : Zt —— R (orw: Z" —— C)
is called a real (or complex) arithmetic function if y(1) = 1. There are many important and
interesting examples.

EXAMPLE 3.1. The following are all real arithmetic functions:
(2) The ‘identity function

id: Z*——R; 1id(n) =n.

(b) The Euler function ¢ : Z* —— R of Theorem 2.24.

(c) For each positive natural number r,
>

Oy :Z+ —_ R; O'r(n) = dr.
din
o1 1s often denoted o; o(n) 1s equal to the sum of the (positive) divisors of n.
(d) The function given by

5:z¢ R em= | MN=lh

Y0 otherwise.
(e) The function given by
n:Z"'——R; n(n)=1.

The set of all real (or complex) arithmetic functions will be denoted by AFr (or AFc).
An arithmetic function w 1s called (strictly) multiplicative if
w(mn) = w(M)w(n) whenever gcd(m, n) =1.
By Theorem 2.24(b), the Euler function is strictly multiplicative. In fact, each of the functions
in Example 3.1 1is strictly multiplicative.
An important example is the Mébius function u: Z+ — R defined as follows. If n € Z*

then by the Fundamental Theorem of Arithmetic and Corollary 1 19, we have the prime power
factorization n = p' p™ p where for each J, pj is a prime, I ™ r; and2 ™ p<p<--:-:<p.
1 2

We set 0

H(N) = ppp” e p™ =
1 2 t

0 if any rj > 1,
D=t ifalr=1.
So for example, if N = pis a prime, U(P) = — 1, while P(p*) = 0. Also, H(60) = H(2* X 3 X 5) = 0.

ProPOSITION 3.2. The Mébius function W is multiplicative.
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Proof. This follows from the definition and the fact that the prime power factorizations
of two coprime natural numbers m, N have no common prime factors. Q

So for example,
H(105) = LGB = (— 1) = —1.
PropPOSITION 3.3. The Mébius function U satisfies
B =1,
Z ® (13
pd)y=0 ifn*“2.
din
Proof. By Induction on r, the number of prime factors in the prime power factorization
ofn=p'--pfsor=r+---+r.
If r=1, then n = pis prime and K{(P) = —1, hence
>
pdy=1—-1=0.
dlp
Assume that whenever r < k. Then if r = Kk, let n = mp",where p is a prime factor of n. Then
H(N) = p(M)p(p™) and so
=

> > >
Hd) = (U +pdpy) = (W) + pdpp)) = (A - 1) =0.
din dim dim dim
This gives the Inductive Step. Q

2. Convolution and Mobius Inversion

Let 0, w: Z* — R (or C) be arithmetic functions. The convolution of 6 and v is the

1 O % .
function w forwhich =

6 % w(n) = A(d)w(n/d).
din

ProPOSITION 3.4. The convolution of two arithmetic functions is an arithmetic function.
Moreover, * satisfies
(a) for arithmetic functions a, f, y,

(ax ) xy=a*x(f*y);
(b) for an arithmetic function 0,
ox0=0=0% 0
(¢) for an arithmetic function 0, there is a unique arithmetic function 0 ) for which
0%0=0=0x0;
(d) For two arithmetic functions 6, y,

0% y=w*x 0.

Hence (AFR, *) and (AFc, *) are commutative groups.
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Proof.
(@) Forn e Z*,
>
(a % B) % py(n) = ax B(d)y(n/d)
>
= a(k)pd/K)y(n/d)
kld_d|n
= a(K)BA)y(m),
kAm=n
and similarly
=
s ok (B p)(n) = a(K)BA)y(m).
kAm=n

Hence (a * f) * p(n) = a * (B * y)(n) for all n, so (a * f) * y=a * (f * p).

(b) We have =
0 * 0(n)= o(d)a(n/d) = 9(n),
din

and similarly € * o(n) = 8(n).

(c) Take i = 1. We will show by Induction that there are numbers tn for which
=
ta@(n/d) = o(n).
din
Suppose that for some k > 1 we have such numbers tn for n < k. Consider the equation
=
taO(k/d) = o(k)= 0.
dlk
Rewriting this as

P
k=— ta@(k/d),

dlk
df=k

we see that tk 1s uniquely determined from this equation. Now define éby 0~(n): th. By
construction,

0% 0(n) = = a(n/d)o(d) = o(n).

din
By (d) we also have O%60=0x0.
(d) We have
= = =
din dln kin

In each of the groups (AFR, *) and (AFc, *), the inverse of an arithmetic function & is 6.
Here 1s an important example.

PrOPOSITION 3.5. The inverse of n is = W, the Mdbius function.
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Proof. Recall that #(n) = 1 for all n. By Proposition 3.3 we have

> > a 1 n=1,
H(n(n/d) = pd) = _
dln din - O n> 1
Hence U = 7 is the inverse of 7 by the proof of Proposition 3.4(c). Q
THEOREM 3.6 (Mobius Inversion). Let f,g: Z+ — R (or f,g: Z* — C) be arithmetic
functions satisfying >
f(n) = gd) (neZh.
dln
Then >
g(n) = f(dun/d) (ne Z%).
din

Proof. Notice that f = g * # from which we have
g=g*xd=g*x(mx = (g*xnm*xp="~*x

Hence for n € Z*, >
gn) = f(dyp(n/d). Q
din

EXAMPLE 3.7. Use Mobius Inversion to find a formula for ¢(n), where ¢ is the Euler
function.

SOLUTION. By Theorem 2.24(d),
=
#(d) = n.
din
This can be rewritten as the equation ¢ * # = id where id(n) = n. Applying Mobius Inversion
gives ¢ =1id * W, i.e.,
= b

n
p(n) = § H(d)a= H(n/d)d. Q
In din
So for example, if N = Q_where p is a prime and r “ 1,
grpie, 10 =B .
PP= | ”(d)% ~ HPSP TS =p(DP" +HPEP" I =p" —pl=p—Dp" -
dlpr TMGTM -

EXAMPLE 3.8. Show that the function o = o1 satisfies
p(do(n/d) =n (ne ZP).
din
SOLUTION. By definition, s
o(n) = d,
din
hence o = id *5. By Mobius Inversion,
d=id *d=1id k(% W =(>0d k) *k p=c* U= * 0,

soforne Z*, > s
n= wdo(n/d)= o(d)un/d). Q
din din
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PropPOSITION 3.9. If 6, w are multiplicative arithmetic functions, then 0%y is multiplicative.
Proof. If m, n be coprime positive integers,

6 * y(mn) = O(d)w(mn/d)

n

= ors)y(mn/rs)

rim

= OOHOE)yw((m/r)(n/s))

rim
= OHOS)y(M/Ny(n/s)
rm
> =
= OMw(m/r)y  O(s)ywn/s)
rim s|n

=6 % wy(m)o *x w(n).
Hence 6 * wis multiplicative. Q

CorOLLARy 3.10. Suppose that 6 is a multiplicative arithmetic function, and y is the ari-
thmetic function satisfying =
on)= y(d) (neZ").
dln
Theny is multiplicative.

Proof. 0 = w*n, so by Mobius Inversion, v = 0% W, implying that v is multiplicative. Q
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Problem Set 3

3-1.Let z: Z" —— R be the function for which 7 (n) is the number of positive divisors of n.
a) Show that 7 is an arithmetic function.
b) Suppose that n = p"|p"% - - - p"is the prime power factorization of n, where 2 ™ p <p. <
» < prand r; > 0. Show that
T(p;1 p: - -tp”) =M+ D+1) - e+ D).

¢) Is 7 multiplicative?
d) Show that  * n = .
3-2. Show that each of the functions ar (r “ 1) of Example 3.1 are multiplicative. 3-
3. For each r € No define the arithmetic function [r] : Z& —— R by
[r](n) = n".
In particular, [0] = # and [1] = 1d.
a) Show that [r] is multiplicative.
b) If r > 0, show that or = [F] * 7. Deduce that or is multiplicative.
¢) Show that [r] * [r] satisfies [r] * [r](n) = n'z(n).
d) Find a general formula for [r] * [S](n) when S <.

3-4. For n € Z*, prove the following formulse, where the functions are defined in the text or
in earlier questions.

> > >
(@ Wdo(n/d)=n; (b) pdz(n/d)=1; (© o(dp(n/d)=n".
din din din
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CHAPTER 4
Finite and infinite sets, cardinality and countability

The natural numbers originally arose from counting elements in sets. There are two very
different possible ‘sizes’ for sets, namely finite and infinite, and in this section we discuss these
concepts in detail.

1. Finite sets and cardinality
For a positive natural number n ““ 1, set
1’1:{1,2,3,...,[1}.

Ifn=0,let 0 = 0. Then the set n has n elements and we can think of it as the standard set of
that size.

DEFINITION 4.1. Let f: X — Y be a function.
+ T is an injection or one-one (1-1) if for X, X: €X,
f(x) = f() == X1 = X..

+ T is a surjection or onto if foreach y € Y , there is an X € X such that y = f (X).
« fis a bijection or 1-1 correspondence if T is both injective and surjective. Equivalently,
f is a bijection if and only if it has an inverse f =" : Y —— X,

DEFINITION 4.2. A set X is finite if for some n € Ny there is a bijection n — X. X is
infinite if it is not finite.

The next result is a formal version of what is usually called the Pigeonhole Principle.

THEOREM 4.3 (Pigeonhole Principle: first version).

(a) If there is an injectionm —— n thenm ™n.
(b) If there is a surjection m —— n thenm “ n.
(c) If there is a bijection m ——n thenm= n.

Proof.
(a) We will prove this by Induction on n. Consider the statement

P (n): For m € N, if there is a injection m —— 1 then m ™ n.

When n = 0, there is exactly one function @ —— @ (the identity function) and this is a
bijection; if m > 0 then there are no functions m —— . So P (0) is true.

Suppose that P (K) is true for some k € Noand let f : m —— K + 1 be an injection. We
have two cases to consider: Dk+1€imf,@Kk+1&ZimT*T.
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(1) For some r € m we have f (r) = k 4 1. Consider the function g : m — 1 —— K given by

. iR {0)) ifo™j<r,

ap=_ . .
Sfg+ 1D ifr<j™m.
Then g is an injection, so by the assumption that m — 1 ™ Kk, hence m ™ k + 1.
(i1) Consider the function h: m —— K given by h(j) = f(j). Then h is an injection, and by the
assumption that P (K) is true, m™ kand som ™ k 4-1.
In either case we have established that P (k) —— P (kK + 1).
By PMI, P (n) is true for all n € No.

(b) This time we proceed by Induction on m. Consider the statement

Q(m): Forn € N, if there is a surjection m —— m then m “ n,

When m = 0, there is exactly one function & —— @ (the identity function) and this is a
bijection; if n > 0 there are no surjections @ —— m. So Q(0) is true.

Suppose that Q(K) is true for some k € Nv and let f: k+1 — n be a surjection. Let
fi: k — n be the restriction of T to Kk, i.e., fI(J) = £() for j € k. There are two cases to deal
with: (1) F! is a surjection, (i1) ! is a not a surjection.

(1) By the assumption that Q(K) is true, k ““ n which implies that k+ 1 “ n.
(i1) There must be exactly one S € m not in im . Define g : k —— n — 1by

.G : () if0™fij) <s,
- OB
Then g is a surjection, so by the assumption that R&<if @e™n™ n — 1, hence k+ 1 ™ n,
In either case, we have established that Q(k) —— Q(k + 1).
By PMI, Q(n) is true for all n & No.
(c) This follows from (a) and (b) since a bijection is both injective and surjective. Q

CorOLLARy 4.4. Suppose that X is a finite set and suppose that there are bijections m ——
Xandn —— X. Thenm = n.

Proof. Letf : m —— X and g : m —— X be bijections. Using the inverse - : X —— n
which is also a bijection, we can form a bijection h=g-'of: m —— n. Bypart(c), m=n. Q

For a finite set X, the unique N € No for which there is a bijection m —— X is called the
cardinality of X, denoted |X|. If X is infinite then we sometimes write |X| = oo, while if X is
finite we write |X| < oo,

We reformulate Theorem 4.3 without proof to give some important facts about cardinalities
of finite sets.

THEOREM 4.5 (Pigeonhole Principle). Let X,Y be two finite sets.

(a) If there is an injection X ——Y then [X| ™|Y|[.
(b) If there is a surjection X —— Y then |[X| “|Y].
(¢c) If there is a bijection X —— Y then |X| = |Y |.
The name Pigeonhole Principle comes from the use of this when distributing m letters into

N pigeonholes. If each pigeonhole is to receive at most one letter, m ™ n; if each pigeonhole is
to receive at least one letter, m ““ n.
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Let X be a set and P < X. Then P is a proper subset of X if P f= X, i.e., there is m
element X € X with X € P .

Notice that if X is a finite set and S a subset, then the inclusion function inc: S —— X
given by inc(j) = J is an injection. So we must have |S| ™ |X]|. If P is a proper subset then
we have |P | < |X]| and this implies that there can be no injection X —— P nor a surjection

P —— X. These conditions actually characterise finite sets. In the next section we investigate
how to recognise infinite sets.

2. Inftnite sets

THEOREM 4.6. Let X be a set.
(a) X is infinite if and only if there is an injection X —— P where P < X is a proper
subset.

(b) X is infinite if and only if there is a surjection Q —— X where Q € X is a proper
subset.

(c) X is infinite if and only if there is an injection No —— X.

(d) X is infinite if and only if there is a subset T < X and an injection No —— T.

EXAMPLE 4.7. The set of all natural numbers No = {0, 1,2, ...} is infinite.

SOLUTION. Let us take the subset P ={1,2,3,...} and define a function f: N0 — P by
f(n)=n+ 1.

rr rrs

1 2 3 n+1

ffMmM=FfMthenm+ 1=n+ 1som=n, hence f is injective. If k € P then k “ 1 and
so(k — 1) “ 0, implying (k — 1) € No whence f (k — 1) = k. Thus f is also surjective, hence
bijective. Q

EXAMPLE 4.8. Show that there are bijections between the set of all natural numbers No
and each of the sets

SI:{Zn:ne No}, Sz:{2n+1:ne No}, 532{3n1n€No}.
In each case find a bijection and its inverse.

SOLUTION. For S, let fi: No — Si be given by fi(n) = 2n. Then T is a bijection: it is
injective since 2N = 2n; implies N = M, and surjective since given 2m € No, fi(m) = 2m.
The inverse function is given by f; ' (k) = k/2.

For S, let .: No — S, be given by f.(n) = 2n 4+ 1. Then T is a bijection: it is injective
@2n; 4+ 1 =2m + 1 implies N = Ny) and surjective since given 2m + 1 € Ny, fa(m) = 2m + 1.
The inverse function is given by f; (k) = (k — 1)/2.

For S;, let i: No — S; be given by fi(n) = 3n. Then F is a bijection: it is injective
since 3N = 3n; implies Ni = M, and surjective since given 3M € No, :(Mm) = 3m. The inverse
function is given by F5 (k) = k/3. Q

Notice that each of the sets Si, Sz, Ss is a proper subset of No, yet each is in 1-1 correspon-
dence with No itself.
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3. Countable sets

DEFINITION 4.9. A set X is countable if there is a bijection S — X where either S = n for
some N € Noor S = Nio. A countable infinite set is said to be countably infinite or of cardinality
No. An infinite set which is not countable is said to be uncountable.

EXAMPLE 4.10. The following sets are countably infinite.

(a) Any infinite subset S & No.

(b) X U Y where X, Y are countably infinite.

(c) X U Y where X is countably infinite and Y is finite.
(d) The set of all ordered pairs of natural numbers

No X No={(m, n): m, n € No}.

(e) The set of all positive rational numbers

Qf = %:a,beNo, a,b>0,.

SOLUTION.
(a) Since S is infinite it cannot be empty. Let So = S. By WOP, So has a least element So say.
Now consider the set Si = S — {so}; this is not empty since otherwise S would be finite. Again
WOP ensures that there is a least element i1 € Si. Continuing, we can construct a sequence

So,St,...,Sn,...of elements in S with Sn the least element of Sn =S — {So, S1, .. ., Sn—1} which
1s never empty. Notice in particular that

H<S < <§< -

from which it easily follows that sn “ n. If s € S, then for some m € No must satisfy m ““s,
so by construction of the Sn we must have S = Smo for some mo. Hence

S={snh:n € No}.

Now define a function f : No —— S by f (n) = n; this is easily seen to be a bijection.
(b) The simplest case is where X NY = 0. Then given bijections f: No — X and g: No — Y

we construct a function h: No —— XU Y by
“nZ
o f

h(n) =

49

if N is even,

b2
—1  ifnis odd.

‘3 N S

[\

Then h is a bijection.
IfZ=XnNnYand Y — Z are both countably infinite, let f: No —— X andg: No—— Y — Z
be bijections. Then we define h: No —— X U Y by

if N is even,
h(n) =
—1  ifnisodd.

This 1s again a bijection.
The case where one of X — X NY and Y — X NY is finite is easy to deal with by the method
used for (c).
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(c) Since Yis finitesoisY = XN Y<S Y. Letf:No——Xandg:m ——Y — XN Ybe
bijections. Define h: No —— X U Y by

_:g(n . 1) lf 1 ™ n ™ m,
h(n) =

:f(n—m—l) ifm<n.

Then h is a bijection.

(d) Plot each pair (@, b) as the point in the Xy-plane with coordinates (@, b); such points are all
those with natural number coordinates. Starting at (0, 0) we can now trace out a path passing
through all of these points and we can arrange to do this without ever recrossing such a point.

©3)——--
O
0,2) r—(1,2) 2,2)
RN <
O, ) —-. (1, @, 1) 3, 1)
SN
o, 0)\- 1,\(2 ) —-- @3,

This gives a sequence {(In, Sn)}omn of elements of No X No which contains every natural number

exactly once. The function

f: No —— No X Ng; f(n):(rn,sn),

1s a bijection.

(e) This is demonstrated in a similar way to (d) but is slightly more involved. Foreach a/lb € QT
we can assume that a, b are coprime (i.e., have no common factors) and plot it as the point
in the Xy-plane with coordinates (a, b). Starting at (1, 1) we can now trace out a path passing
through all of these points with coprime positive natural number coordinates and can even
arrange to do this without ever recrossing such a point.
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14 2,4

(1,3) r (2,

1,2 2,2)
a1 *Z G, H—-- ¢ G 1) — .
) )

This gives us a sequence {rm}mn of elements of Q" which contains every element exactly once.

The function
f:No——Q"; f(n)=rnn,
1s a bijection. Q

4. Power sets and their cardinality
For two sets X and Y, let
YX={f:f:X —— Yisa function}.
EXAMPLE 4.11. Let X and Y be finite sets. Then Y * is finite and has cardinality
Y X =|Y ||X|_

SOLUTION. Suppose that the distinct elements of X are X,...,Xm where m = |X]| and

those of Y are yi,...,Yn where N = |Y|. A function f: X — Y is determined by specifying
the values of the m elements F(x), ..., F(Xm) of Y. Each f(X«) can be chosen in n ways so the

total number of choices is N™. Hence |Y X| = n™, Q

A particular case of this occurs when Y has two elements, e.g., Y = {0, 1}. The set {0, 1}X
is called the power set of X, and has 2/*! elements and indeed it is often denoted 2XI. It has
another important interpretation.

For any set X, we can consider the set of all its subsets

P(X)={U : U < Xis a subset}.

Before stating and proving our next result we introduce the characteristic or indicator function
of a subset U & X,

—
—

1 ifxeu,
wiX——1{01} o=
S0 ifx€U.

THEOREM 4.12. For a set X, the function
©: PX) —— {0, 1} ©U) =,
is a bijection.
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Proof. The indicator function of a subset U S X is clearly determined by U, so © is well
defined. Also, a function f € {0, 1} determines a corresponding subset of X

Uf:{XEXif(X):l}

with yus = F. This shows that © is a bijection whose inverse function satisfies

6-'(f) = Ur.
Q
EXAMPLE 4.13. If X is finite then P(X) is finite with cardinality |P(X)| = 2%,
Proof. This follows from Example 4.11. Q

Using the standard finite sets m ={1, ..., n} (n € No) we have
[P L2=1,IPW)| =2=2, [P(2)| =2°=4,|P@)| =2%8, ...
where
P(o) = {9},
P(1) ={90,{1}},
P(2) ={92, {1}, {2}, {1, 2}},
P3) ={9, {1}, {2}, {3}, {1, 2} {1, 3}, {2, 3}, {1, 2, 2}},

We will now see that for any set X the power set P(X) is always ‘bigger than X.
THEOREM 4.14 (Russell’ s Paradox). For a set X, there is no surjection X — P(X).

Proof. Suppose that g: X —— P(X) is a surjection.
Consider the subset

W={xeX: xZ€gXx)}c X

Then by surjectivity of g there is a W € X such that g(w) = W . If w € W | then by definition
of W we must have w € g(w) = W, which is impossible. On the other hand, if w € W, then
w € g(w) = W and again this is impossible. But then W cannot be in W or the complement
X — W, contradicting the fact that every element of X has to be in one or other of these subsets
since X= W U (X — W). Thus no such surjection can exist. Q

Russell’ s Paradox is often stated in terms of the set of all sets’ , and the key ideas of this proof
can also be used to show that no such ‘set  can exist (can you think of a suitable argument?).
It shows that naive notions of sets can lead to problems when sets are allowed to be too large.
Modern set theory sets out to axiomatise the idea of a set theory to avoid such problems.

When X is finite, this result is not surprising since 2" > n for n € No. For X an infinite
set, it leads to the idea that there are different ‘sizes’ of infinity. Before showing how this result
allows us to determine some concrete examples, we give a generalization.

CorOLLARy 4.15. Let X and Y be sets and suppose that Y has a subset Z < Y which
admits a surjection §: Z — P(X). Then there is no surjection X — Y .
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Proof. Suppose that f : X —— Y is a surjection. Choose any element P € P(X) and
define the function

Cg(f if f(x) € Z,

h: X — POX); hog = JCTON ITT00
- P if f(x) € Z.

We easily see that h is a surjection, contradicting Russell’ s Paradox. Thus no such surjection

can exist. Q
5. The real numbers are uncountable

THEOREM 4.16 (Cantor). The set of real numbers R is uncountable, i.c., there is no bijection
No —— R.

Proof. Suppose that R is countable and therefore the obviously infinite subset (0, 1] € R
1s countable. Then we can list the elements of (0, 1]:

o, Qi -« - s Oy - - - -

For each n we can uniquely express gn as a non-terminating expansion infinite decimal
On=0.0ni0n2 = * * Ok eererens ,

where for each K, gnx =0, 1,...,9 and for every ki there is always a k = ki for which qhx £ 0.
Now define a real number p € (0, 1] by requiring its decimal expansion

p=0pp:- - P
to have the property that for each k “ 1,

1 if ek 1,

02 ifgen= L.
Notice that this is also non-terminating. Then p f=qi since pr f= Qoi, P Q2 since P2 f= qu.,
etc. So p cannot be in the list of gn" s, contradicting the assumption that (0, 1] is countable. Q
The method of proof used here is often referred to as Cantor’s diagonalization argument.
In particular this shows that R is much bigger that the familiar subset Q < R, however it can

be hard to identify particular elements of the complement R — Q. In fact the subset of all real
algebraic numbers is countable, where such a real number is a root of a monic polynomial of
positive degree,

X"+ an- X - - A e QIX]
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Problem Set 4

4-1. Show that each of the following sets is countable:
(@) Z, the set of all integers;
(b) {n’: n € Z}, the set of all integers which are squares of integers:

(©) {n € Z : nf=0}, the set of all non-zero integers;
(d) Q, the set of all rational numbers;

(e) {x € R : x> € Q}, the set of all real numbers which are square roots of rational
numbers.

4-2. Show that a subset of a countable set 1S countable.
4-3. Let X be a countable set. If Y is a finite set, show that the cartesian product
XX Y={x,y):xe X, ye Y}

1s countable.

Use Example 4.10(d) or a modification of its proof to show that this is still true if Y is countably
infinite.
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